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F 9T FAFMBML DEA 5] X M4 DEA

B s A.2% 53 B (DEAVE A P1fili L SR BT (DMUVAHN AR I HES HU% 0 TR, HAR SR 2
DMU AN FBEE A AT W “REAE", AR IR AN S LR R 2R, ESRA” RGN
WA S BT IAE. ZHBras i UL A EL L 10 E] At (Intermediates) . %% DEA(Network
DEA)IJ4R Y, 1E/RN THIIFIX —“SRAG", 0T RGN EB &9 s (B B I AT 205 S A RGBAR T
SO, fEMZ% DEA IBOREZH S, MM BAEEAR LR RGBT RS B
AT AT REEE(PPS) o IX ARSI MEEAFH — A DMU ZEFT B 1 IEOR 5 53—~ DMU 7ERTEX 2
AR BT AN SAEROR LR AT HA R .

ST BR S M 2% DEA(IR R 2757 iy R IR ST BRI ) DO JE 11448 DEA 1
FLAYE, BRI S EEZ KM —ME A RERBSBAE—E, HEMREHK
W RMREAEIIEZT RAEHINSL PPs THIZBCRIE . (EALSAM4 DEA [ BSE A K ARt #2
HT W RAFEZ ERNM, RAEDHEE & T R Z R ABWS X R I E . XA
5E [ 53 il I 2 DEA BALY sURCRAA I E— 2 40 fr (914D~ sl TRP 48200 WE T RS, N
fiftpRox — ), BEARHI A 2 MO RO I B AR 91N 300 S A E B 3 AT A 2R ok i
ATBE" 3 R R o

MaxDEA [ BATF K 137 B W B I 4% DEA BRI MARAS Bk Tix—H i, HRGESHA
BRI Z A RIR A ME— 1 R R RABBMBEET R BME—NREZ TR ik
Befli b, R LHET R M 4S DEA FIEE T4 44 R (FDEF) ) LI 4% DEA.

A AR TR SO G ASE, 1§25 LR 51 30 3k

FEXHEI: MaxDEA Team. (2026-10-26). Novel Two-Stage Network DEA and Generalized Network
DEA. MaxDEA. https://maxdea.com/2026/202609.pdf.

R R:  MaxDEA HIBA. #7 B I B /N 2% DEA FlIJ™ LN %% DEA [EB/OL]. (2026-10-26) [YYYY-
MM-DD]. https://maxdea.com/2026/202609.pdf. [YYYY-MM-DD] 5| F H 1.

PRSCAE PRI BL 4% DEA . A “BirBi(Stage)”, fE)T X W4 DEA , fEH] “F5 mi(Node)”, KAEIRMELH]
WEREE M. Fioh, W TRERE v Mu, 2BH “BE” f“CGET) Mg
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155 B EeHR i B

NRCKAF R EREX . A ZH AN, RERPMCEKR.

FERE: X. Y. ZRB AR RE . 7R SeBOR Y th AT RS TR A DMU R, 7E
PR PR MRS IASE TR DMU R .

X\ Y\ Z>00

FIFE: Xov You 2o/ MHTHIFHT DMU BN AT AL A B (B R AR o AERLSE
NEEH). N BT DMU ZETEALE R

TRIE: vo us wORIREUB A e N = H R A TR) 9 AR
Vo us wa A, BRIANAETARE (20).

RPAAR 1 2o e R 808 1 AT IR R A .

Uo € R ZAREALE, MIT VRS AR, o MUREHR I H Hom () »

Bt O@0 FORBEB 1. BrBr2. et (0 ew FORrhENAE T A t h A G RBNIL
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9.1 FHH B4 DEA (FIAEIRBNASZE CRS)

9.1.1 FIMrBtM% DEA #HZE

Kao & Hwang (2008)#/1 Liang, Cook, & Zhu (2008)42 ! T K F Gt BEAR R 2 XONP AN T m R Y
KA B M 2% DEA FLAY, JFGI T FB BN 4% DEA #5578 {1 3fe #1250 22 43 fidt HE 22 (Multiplicative
Decomposition).

BB 1 IRCR

EM* = max (W-zo / V-Xo)

st (w2)/(vX) <1 (9.1)
BB 2 FRCR

E@* = max (u-yo / w-zo)
st (uY)/(wzZ)<1 (9.2)
RGBHRR
E* = E™ x E® =max (u-yo / W-Zo) X (W-Zo / V-Xo) = max (u-yo / V-Xo)
st (wZ)/(vX)<1
(uY)/(w2z)<1 (9.3)
FIH Charnes-Cooper & #t, 33401 N ZMEMRI(LP)EERL (XN F[A)):
max u-yo
StvX—wZ20
wWZ-uYz20
ViXo=1 (9.4)
S AP 246 A
min 6
st XA < x0-0
YA >y,
Z-A" 2 7A@
BER (9.5)
PRI B 4% DEA 1R 28 Gt ARS8 1] 3 fidt i 38 1) e A «
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E* = (u-yo) / (V'Xo) = (u-yo) / (W-Zo) * (W-Zo) / (v-Xo) = EM x E2) < EM* x El2)*

ERPIEY B 4% DEA HESUHEIE AT RS R A", RENZIE T AR G0 R B wh i el A . A2
HEWHRTY, BRI U AR BRE -

BERURRE 1. hIR) AL 46 AH S5 NI B3 7] (Rigid Synergy)

TECBIR TS BRI B 1R CHE7 ) BB wiow 50 B 2 el (FEHEA) AL
WA AR

RRBURFAE 2: BORSGE B AR (IR AR 1

W B [RTATL A6 e B0 AR B 2 AR v, R AR 1) 5 AR AR 1) TR B — — BRSSO HIAR 4N x (FE
P AR AR RS y) AR R AR U B4R TR LI H(8), TRl 2 WA e A . X
PR ARG HI I 58 TR s 28 30, I RSO E 7 2L EoR Bt 542

BRI 1. RGURCR IR AE— 1

FEBHEZS, B RGUBARRCRME— 2, (Hi TIRE AR 2 FmR AU, 75 RIE B
BRI RAEIFA B A1

E*=EM x E@, EOFI EQAH %M1k,
BREG 2. M RAS R OB BOSCR B R RE D B4 1 HY PPS
FEWPE B FIBLE] T 20 AR5 RO BORR, A2 & BUES H PPS I HSEERRR .
EW<EM*, E@ <E@*,
9.1.2 ETHRREBMETERBH B DEA B

Bt FIANEZEAZAE R A, 3R 0w (a) g B 0 LA 25 ) 2 ME B [ (Flexible Synergy) 1 i B ¥
2% DEA 7Y,

E* = max (u-yo) / (v-Xo)
st (wz)/(vX)<1
(uY)/ (w?-z) <1
withzg = wi2zg (9.6)
HMH Charnes-Cooper 224, #3241 F AR (PR (BN FA)D:

E* = max uyo
st.vX-w"z>0
w?Z—uyY>0

wi.zg = w?-z,
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VXo=1 (9.7)
ot A, 5 A Y

E* =min O
st XAM < x0-0
ZA" > zoT
Z-A? < 7ot
YA >y,
6, TER (9.8)

5% FH Charnes-Cooper &4, #5241 FENERRI(LPYETY (7 H 1A -

1/E* = min v-Xo
st.vX-w"z>0
w?-Z-uyY20

Wu)'Zo = W(z)'Zo
Uyo=1 (9.9)
X A L AR A

1/E* =max ¢
st XAV < xo
ZA" 2 zpT
Z-A? < 75T
YA 2y b
¢, TER (9.10)
FL TP AL R A EL T TE TP B R 45 DEA R B 4% DU g
1) AR A P [E]

JBGTERE I A% A6 AR S R SR AME LI, 36T SR IEAT DMU [RIFIT A A B) AR R Gt T

ik <3 RS 11y R S b ks L i A e 507 18 St ok i (T s R T Y= Q€ - A

B TTLAAE R 98 B AR YR 22 it DEA F R LA SR U €

wi.zg = w2z,
2) AlRE 4 SRR ok R AR
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ZA" 2 251
ZA? < 201
3) RGMFE I AAMEE, JF ot I BICRIE 2 % H PPS N HIHARRE.
9.1.3 P B DEA R (CRS)HIRLR /iR
PIFTEX 2% DEA #3751(9.6), #PFHT DMU HUBEARIMIZE R B* S5 TIrB 1 A7 (9.1) Ml B 2 A
B(9.2) R M I I RART B R EM* 55 E@* 2B GEBE):

E* = E* x E(2)*

9.1.4 FRIRFTHE FHLH]

FERZ% DEA BEAL AR, [y BOIRSLHAGE 15 TR SUAE R BEN BT 28, i 0 mT A 2ot 4
JBORE G/ T PIABT B A P HOR & B OL, 0 R R EATIENE, FTE-EBFENL
T R e B P TR] 7 I 2% 23 ) m FRO M SR A CEu T o TR R A DA o

M [E (Flexible Synergy)if3E T NI 1[5 (Rigid Synergy) (T HFZ15R (Al FAN B — % —AH 4,
wi = w@), B A RIALE 2R G0 N I AR 7 i A R S e A B AR S5 (w20 = wPz0) o IEZIXTZ
e A, SEEL T RGRCRME— MR il A8 0 i HH I BERCRE S5 9 BO AL B R R AR — 20

M T ISR A R B AL A B

FEXHER RS At R B b, BT B R & RN 7 R RN A R S T A
(Shadow Prices) 511 FrftH

P B [ ) SR wilin) = wilews), iy [a] 7 S i L T — MBS B g — A AR g kg . SR,
BB 1 SH B 2 BT AR AP BOR, HEALE AN B B B AR (MRS) FF AN ] o 54T 2R
R LAE P AN BORI 7O i — — A4S, S T 40— RO e D0 25 984T 1005 1 T 0 Y SR TS,
WARFEAUE PRSP AN B B HT IR S, B B s WA i ) 24 P Lt

T RN L oK FR [RIIRAE R S8 N SR R R RN S, IR 7 wOR w7 [ 3, il
FLRENE 23 RS A DT I PR B B 5% F e I A TR 09 Tl o R3S RO ) R 38 B A 5 A A%, AT 1Y
2 RGPl B B AR R 5 1% B BOWST YA AR R A — 2

MIIAUB BN 7= H B A A i

2l DEA FOAZ O BARTE T8 Z N Z P2 H R A Nbr B AL R LI (Virtual Input) 5 24817 H
(Virtual Output), FF7ERER H /BN LLERIZHR T (<=1), A#IF DMU 5240 E HER TR
R E .

FIEREATNE Sy, BERARTB 1 BRI, R SCERBL 2 BB . RIPED RIZE5R

PRSP [F) B[R I DL RE P BN A, KPR TR B B S A B, S EIATEIRSIY
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Bt fiiid e MO FIfRER 1 IX — 1 BELIAT, DU R i RS R S AR SR 0 . IXBEORIE T B
B mlrBe 2 AR A MEAE S A BEA R A, AR TEHOIE K, 5E SR IG Pl S A A
TR RGN, A AN EVERIPFARAE, RN AR T #EY DMU S84 B il kTR & B
B m B, %5 B B TE 2% DEA 22 T AT38R R4S S & I IR iR AR A o

% 9-1 WIVER A5 SR BRI R 1AL A 203K L

I 1 [ F 1% 1A
Wil Ftt
FeHERY | AIRTE AN B A — X — A S HH RALLCE PN B B AN B AH 4
W(1) = W(Z) W“)'Zo = W(z)'Zo
1 R 4T
T ST R 12 AR P B RS 1] AR B
EREE i
Zi'}\(z) < Zio'T < Zi'}\m, Vi
I ER I SR 2 R
0,45 1Y HE RN

ziA\? <%, < Zi'7\m, Vi
ziA? <%, < Zi'7\(1), Vi
RFIUHR (RN SL H FH 4

,Z\i =Zio'T

TN R T

* g U — I E ey, PR E S R, wzo = wPzg > wi = w?,
9.1.5 AHA B B W 2552 ) 3 R - B 5 F SR AR =

PRI B R BRI AR K SR £ R TE G 1 e 28R B BOHIR SRR B B P B AR “ P AN B Bl
ABETR R RE P B 28 R GE AL IR ESR, R SRARE AR 1 SR SR IR R GE R, AR 7B BLi
RA% (E®* < 1) Ho IRE L R K R GBI RCE.

20U PIZK AT AR B FARIENEDRHAE AR F) P i, A A RIFE S — B BUH 100 fFERVE ™ 1
100 fFHfa] = dh, B A wl e —Br B 100 ARERFAE 110 AR R, 5 A RHEE, B AESE BB
RS 0.1 A ARIES B BOFIH 100 £ a7 fh A2 77 1 100 AR 247 i B A RAE 5 B BOF
F 10 HEHRTEI= S AEF= T 9 MR A, 5 A FHEL, B TEZE R BLRIRCR A 0.9, P S IE A S
TIXFPERBCEBIN, B IR 0.09, THAREFEATEEASHIN 0.5,
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9.2 WM B ERIET] CGARIRBN AT 2 VRS)

9.2.1 PEAIE X
1) NS EFEE GEREEANFE )
BB 1 AT,

EM* = max (W2 — uo™) / (v-Xo)
st.vX—wzZ+u">0 (9.11)

BB 2 AR
E@* = max (uyo— Uo(Z)) / (W(Z)'Zo)

st.w?Z—uY+u®20 (9.12)
P BN 2 A A

E* = max (W2 — uo™) / (vXo) - (Uyo — Uo®) / (W'?-z) = max (u-yo — uo®) / (v-xo)

st.vX—-wPzZ+u">0
w?-Z—uY+u?20

(W-zg — up") = w?)-z4 (9.13)
FH Charnes-Cooper 254, ¥4t A4t Fikil.
E* = max (u-yo — Uo'?)

st.ovX—=w"-Z+u">0
w?-Z—uY+ue? 20
V-Xo=1
w®zg —uo!” = w?-z4 (9.14)

XA L ZE AR .

E*=min©O
s.t. XAV < %00
ZAM > 75T
ZAY < 7o T
YA >y,
1AV =1
1A =1
0, TER (9.15)

2) PAH AR CREE ISR NS
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BBt 1 A,

EM* = max (W"-zo — uo™) / (v-xo)
st.vX—=w"Z+ue">0 (9.16)

BBt 2 1557
E®* = max (u-yo — uo®) / (W?-z0)

st.w?Z—uY+u?20 (9.17)
PR B X 2 A 7

E* = max (W"-2o) / (v-Xo + Uo™) * (u-yo) / (W?-z0 + uo®) = max (u-yo) / (v-Xo + uo™)

st.vX—wPZ+uM>0
w2.Z —uY +up? 20

w.zg = w?-z0 + ug? (9.18)
FIF Charnes-Cooper Z&#, ¥ N2 i) .
1/E* = min (v-xo +uo")

st.vX—-wPZ+u">0
w?-Z—uY+u?20
uyo=1
w®-zg = w?-zg + ug®? (9.19)

XA L ZE AR .

1/E* =max ¢
st XA < xo
ZA" > 251
ZA? < 70T
YA > d-Yo
1A =1
1A@ =1
¢, TER (9.20)
9.2.2 EIMHE

P BN 4% DEA #i%4(9.13), #%3FA DMU BRI RCR E* 5T RrEE 1 A7 (9.11) FIF L 2
W (9.12) K i B AP R RGCR EM* 5 g@* 21 (5 cRS BT R BEARIE], S LB 36“CRS I B
WX 2% DEA RUR TR S ARIERA”)

E* = EM* x E(2)*
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9.3 | X %% DEA }5 %

9.3.1 HERIE X

E* = max Z((u(t).yo(t) + wlout)t).7 (outht) _ (nz(t) + r]4(t)).u0(t)) / (V(t),xo(t) + wlin().z (in)(e) 4 (m(t) + ﬂs(t))'uo(t))) /N
s.t. vt X 4 lind().Z(in)0) _ 0,y _\y lout)t), z(out)t) 4 uo(t) >0, Vt
z(w(in)(t).zo(in)(t) - W(out)(t)_zo(out)(t) + (ns(t) + m“’)-uo“’) =0 (9.21)
N oI 1071 5
n F TR VRS SR a8 B U )& : m® +n® +ns® +na® =1, n € {0, 1}, vt
WA R EARA XY =0
A S ()BT v =0
BT A (VA RN 260 nst = 0
LT S5 (1) A zlew, 0 =0
PEN SABE g BRI PE 8 0+ na® =1, WA A WAEFEE v, n0=1
7P PR BRI A BN G @+ =1, WERAT R (OFBRA XY, n0 =1
CRSHLAL: n33h0

9.3.2 MREAIRAR
SRR PRSI, A REAN T R B RCRAE B9,

E®* = max (u(t).yo(t) + W(out)(t)_zo(out)(t) _ (nz(t) + n4(t))'Uo(t)) / (V(t),xo(t) + W(in)(t),zo(in)(t) + (n1(t) + n3(t))_uo(t))
s.t. v X 4y lin)t) 7)) _ 1)y (t) _y, lout)t), 7(out)t) Ly (8 > (9.22)

I XS 1 B bR R ECA 7 AR, B TR R, o B E R AAE AT S b
BICR, JoikidEit Charnes-Cooper 284 s 2k 44k, 75 K Dinkelbach S804k /7R fid

SHME FNTH, 6WEEHSHOD.

D* = max Z((u“’-yo“’ + wlout)t).7 fout)lt) _ (nz(t) + r]4(‘))-uo(‘)) — e(t).(v(t).xo(t) + wlin)(), 7 (in)t) | (m(t) + ng(t))-uo(t)))
s.t. v X() 4 \ylinde) Z2(in)(0) _ (0. y(t) _ \y (out)(t). Z(out)(t) o uo(t) >0, Vt
V(t),xo(t) + W(in)(t),zo(in)(t) >1, vt

Z(W(in)(t).zo(in)(t) _ W(out)(t),zo(out)(t) + n4(t)_uo(t)) =0 (9_23)
SRR PR, R SHD.

D* = max z(d)(t),(u(t),yo(t) + W(out)(t)_zo(out)(t) _ (nz(t) + r]4(t))'Uo(t)) — (v(t),xo(t) + W(in)(t)_zo(in)(t) + (n1(t) + ns(t))_uo(t)))
s.t. v X 4 \ylinde), Z(in)(0) _ (0, y(t) _ \y (out)(t), Z(out)(t) o uo(t) >0, Vt
u(t).yo(t) + wloutt).z out)t) > 7yt

Z(W(in)(t).zo(in)(t) _ W(out)(t),zo(out)(t) + na(t)_uo(t)) =0 (9_24)
ISR R 9, BB AL (9.23) IS4 W4 T-715 i SZ A 7Y (9.22) 45 19 R AH EW*, 3K
AR, R ) B LA H AR e BB D* =0, TBAMZ N THiERE: Wk p*<0 (D*LER <0),
VLI 2 AR R«

AT LIRS B (9.23) (X A2 «
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D* = max 2(a'")

5.t XWAW < x,®-(80 — q¥), vt

ZimL 60 < Z,lint. (gl — g®) ) vt
YOA® >y ©) vt
Zlout)(t) ) (t) > Zo(out)(t).(l —-v), vt
VER, a'>0 (9.25)
VRS 57 :
IARAT RO A 7y 1AP =1, vt
AARTT (AT yW: 1A =1 -y, vt
9.3.3 RARENWEITIE
PABN 3 AR Dy 41

1) HERTERR Y F(D* = 0)

BT RUBE RIS AT SRR B S AT T BEAS AT R R A AT A

FERERL T DASE B4 T R I, 0 28 A5 TR 1) s o 0T DA 0 0 A R A U 0 0 R
B F(ED, ., EW), 5 ST IR RARHS rT LAZE A R0 H I AT e A 0k, AT L R A
AEENE RS BARBEIT RIS CRIRBIE D!

E' =TI, (D)%Y, 1 < Tw® <N

O JGANT STEM LS P R W =1, ve, WRERFENTAE T RBBZIH; MR
w®=1/N, MRGMFAFTE T RBRZIUTTE); REFTRE oM, HioW=1, WERLS
AP T RBBZ BT

ARG T B, R THBRIERECE (EO° < 1) #4 IRiE R IR R GBI
Ry JUPPIESGE IR a0 T 08 R A AR 48 454, DAR &M E 17 AL
EGNIEE N

(1) ZeiziR AR RN A BCAT UG R E 1:

w"=1, w?=1, W¥=1, W*¥=1, W¥=1, W®=1, W"=1.

(2) X — (FHE2M3) 503 = (T4 4. 5. 6) BIFELRR, SN CBU U5
CHL P A A 7 S R A B At R DA 2D

11



(BB A% I MaxDEA XY 25 9 2 BRI BLM 4% DEA 5 XM %% DEA

w”=1, w?=05, Ww®=05, W¥=05 w*=05, W®=05 w”=1,

Yo® =45, LFJUFHE (Fo® =1) FFEH (Tw® =7) 2.,

DL FUOR AR 2% 2 MR AR A HH AN EE,, SRR T AR, B 0T PGS A&7 s %) R 40 ) B B A R
JE I A A

2) HAFHBFE(D*<0)
Uik D* <0, MBI ZEAR RO IR, A5 R 17T SRR
EW-= (u(t)*.yo(t) + W(out)(t)*.zo(out)(t) _ uo(t)*) / (V(t)*.xo(t) + W(in)(t)*.zo(in)(t)) < E(t)*,
AR SR SR AR 20 AR (9.25), I EW- = EW* — o < EW%,
AR A RGN
E- =TI (E®)*”, 1 < Yu® <N

A 1 FI S SRR EAA R A

3) A B [ A ok T i

— MR VE R LR A B LU L R (RO HE L% DEA, Z95HE DEA, {RIE4k DEA)”
SR BH 1 — Tl 2 WU (AR Dy 0, Ha M i EALE FUE 200, m RASEI i ¢ Al .

A MITERER RS T AR« S 4 AT 20 (FOEF) 1) (% DEA”, AR [ i A A L 1)
PR KT 0, AL —MRRRIFT GEd AR EZ 4R, MR ST FE . ME A R A
R HEFETER (A 298 20D W, B AAE AL ha AR R (RA
2UBA o) R R HITIED A A A B A R R i J XA SR AR

9.3.4 SHITH KPR BARZ A5 A

HITHI A28 (R T B 8 AR R T SR 28 A5 R LE P BLAS R I ARS8, P BORSE 7R ik o2 TE 4R o R
frze ot WK it E RS BANE, BARTHNHRMME BEE v, u, w) AHFE, H
P T R R SRR A A

12
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9.4 ET 44 34H (FDEF)HI) X M4 DEA

2t DEA FEYH PR B — AR P2 BRI A B 5l SR A A 3 AR 7=
gty, FETIXAN R I T &2 B TS sl S ORI AR AR AR Y o A R NN H A oth 7] R
JE2E i DEA AR S IERIG, T2 BER A B 5% RENs @ 7 55 AT A FEAR R X S 50 A AR, it
FRAR P s VR AT S AR AT 59 R b, W NS, DMUA B 5N Ay LT 59044
FREFAT 998 AT L, BN xo FIRA R AB o 55 2R ARAR A A TR R 05 55 U2 T 5 AT S BC B
AR AR AR R T 4 SR AR R A L A A S I, R R TR . — R HISS T A
BUAEAY (B B R M 2 0 2 B, R SR ARG B, BB R SBM R AL
DA ASF T4 VPO DMU IR “BRoze BE B9 7 R i e $5 mio AR BRG], fEMPERARLAT SBM 45
T, P RS A BRI ¢, A IR B.

22 LA BT Hp S I PRI A St 0T BT SR BRI 00 3BT — il b 3 8 LSS AR s it i)
) J7 R e A YEA 2T (FDEF) . 7E7~91 B, Ri#E ) BC BoZ&—™ FDEF, J&T BC i1 (Affine Hull,
TE A bRt B 2R, TEZ 4R AP D AR R AUN A

3 X1y
B 9-1 M TEREE (FRBBA—T=H CrS %)

ARG LT FDEF 785G UM %% DEA FEAY, AT DLV BREe SRR vh A7 78 AR it 170 L, A0 455
BNH= AR, B EFE (AR ARt o oPIRIRTR S VA 2% RE S DRAUE AU AG HY A0 55 — B B A 9 7= th
AR TR R B 58 455 T 3 B B BN PRI A A

9.4.1 A%45 3XTH (FDEF) &S

TEEAR AL 73 A (DEA) I B 2% LA 3R R, 2445 201 (Full-Dimensional Efficient Facets, FDEF) &
20 0 A2 = AT B TEEE (PPS) R VR S5 F I AZ Do & 2 —
1. 447G RHE (FDEF) I E X

EAE m DM s AP DEA BB, A= n getE£E PPS ¢ R™YS & —ANZ k. %
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Z R S b1 3 — A 08 ST 1 5 o AH 52 84 B 1 A 80T (Efficient Facet), L JUT4EREIR 156 T m +
s—1 CHUZS R 4ERE 1 i s T B8 H B D, U ARk v 4 4845 3K (FDEF)(Olesen & Petersen, 1996,
2003). M\IEL B MBEKAE, 8% FDEF [PEESFTHE M & A6 L BT A RN SRE v 577 i 3fe
Hou e KTFEET v > 0,u > 0), NMEEFAERE,
2. ET FDEF 1jj 5 £ ) DEA BRI IR 50

FT FDEF 2R DEA B A DUT B L3

MICHBRFME M 550 DEA BEAUH K BRI I AUE I G CRPREEe 45 N\ 515 H 4
TEME), 1 FOEF fRIUE T A TR bRE PR PE rh 38 R 45

RSB TFEARE GUBRBREF): 1T FOEF MR ESNIEME, HHS KL AE
(MRS)¥ A R HLAEZF 1 ff e A8, & S 1R 4E A R (LDEF) L Br& A 0 8L RIE B 22k
281 R

MBS B E: B IEE R 5K 50 (DMU) R 2 FDEF 81 L, ] AR (R oot B b B %
SR R, AT R A st ]
3. Rf# DEA BRI AHETH FDEF 5%

H TSR AFEAE R 2 AR TV _E T FDEFs 7 E 2 AR

BT A (Convex HUll) AR TLAT B2 R FH 1350 TUART Hh AR T s Ak 25 5 A T 2F R, % DMU
TS EEM B IR IR m + s — 1 Hik = KT 0 f# T i (Olesen & Petersen, 2003).

BT IR A BRI (MIP) R IEAHE 2% RSB, @i MIP 38 3BT A BCE ™1 R T2 1
*F-TH (Olesen & Petersen, 2003; Jahanshahloo, Lotfi, Rezai, & Balf, 2007; Jahanshahloo, Shirzadi, &

Mirdehghan, 2009; Olyaie, Roshdi, Jahanshahloo, & Asgharian, 2014).

4. BEAAFEFE FOEF IR SRV ER L

W R — B B A SR I AN A AEAE AT FDEF, LT BRI AR B B AR VR 58 4 AR 4R 3L
[l (Lower-Dimensional Efficient Facets, LDEF) ¥4 i, IX/EEE 5 N H o BA B ERE L, RPFTHT
7 H IR b (Severe Frontier Degeneracy), (4 A7 7E ™ B [ 25 Z4#5 (1ll-conditioned data) B4 FE 5 . (RJ
FEARBEART TN IR A L), S8 = WA TE w4 2 (A R4 & B b 2R 41
[i](Olesen & Petersen, 1996).

— A RIIR T2 5N R BB AR DMU RN S5 4R

FEAS FPAEAE— > FDEF HAS R BENS IS R PPN ALY, G RS A A — A BliAl /D & 1) FDEF,
BeVEH DMU A AT A2 2™ B B FDEF B X4k (AT FDEF fSC#¥8 P b, {H/™HE e FDEF),
B LPRE HbRME . W IR FDEF R ETAL, & AT EfE BS54k S5
MR AW CHARMED 2758 A F3E B2 HI T FDEF /215 70 2 i — AN F .

9.4.2 F:T FDEF 1F M) M4 DEA FEAY
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#:1 FDEF i) DEA B BB A E FRE VK H FDEF B P Ifi4E £, &1 FDEF {4
LT SR DEA BRI RIE 0N :
E* = max Z((u“’-yo“’ + wilout(t).7 (out)(t) _ (nz(t) + r]4(t))'Uo(t)) / (V(t).xo(t) + wlin)t),z (in)t) (m(t) + r]3(t))'Uo(t))) /N

s.t. Z(W(in)(t).zo(in)(t) — wlout)(t),7 (out)(t) (n3(t) + n4(t))'u0(t)) =0

(V(t), u(t), W(in)(t)’ W(out)(t)' uo(t)) e F (9.26)
FOZRI B t 1Y) FDEF HPIHAR 7
3T FDEF i AL i) M4 DEA KRS, i+ FBUE A il ™ 1K 0, R — ] L 2% 1
(AL EZRAM), BB SLILIRYM R WA R A AP IR (R 2o

20 BT, RIS AREANE A R S EFE R TR (R 280 204 175
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Name Type
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Inputl Input
Input2 Input
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CarryOver2 Cluster [EFETE (MATEREINERSEED
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Intermediate e B FRIERTR, (WA MESDEAZERY
Carry-Over EfEEEET, (A TERSERCarry-OvertER)
Mot Defined i)

9.5.2 ¥ E DEA 1R )% FIE IR

PR BERAY (A ST A o Bl FOEF (75 A ATV A2 B D < B (A AR RAR I

HEEn
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Za S HE TEM IR =3k
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%a MRS SHEE  ARNEEE R
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O SR O < x5, YA > o) @Wm:w-wa ) FOHER
EOLEES SR E.Elﬁﬂim I

BN S DEA) [ #8sfEE(Andersen, et al 1994) ?
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[ HERBEEF= / SRR a= || ?
) BEESE
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[] 2Z37E(Sexton, et al 1986) 2
D o ETEE
o v FNEEE
O d) kSt ”
[ 5= T3 (Liang, et al 2008; Wu, et al, 2009; Liu, et al 2017) !
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TR
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- [ SISt EER DA, (FIEDEA) mE ?
O g) O
= 1 [ #£RE&IBRao, et al 2003) 5
=g 0 [ JEOtERRIE (Tiedemann, et al 2011)

O h) BESts [ FRENERFISEDEA(" W RIS DEARDIER]: 18- RiElR- - F=H)
R - [ r-3.F#EDEA BE h

9.5.4 & X4 LEHH

T RIRRE T U2 DEA”, I 75 B E XN R o | S 25 AR 87 S AR R UAUE. w® =1,
B R G RCR AT AR 2 A R TFE RRBCR N mRCR 2 U FY), 153 E & A A E
ZRET 1, Bl iw®=1,
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Chapter 9 Innovative Two-Stage and Generalized Network DEA

As the core non-parametric tool for evaluating the relative efficiency of decision-making units
(DMUs), traditional data envelopment analysis (DEA) treats each DMU as a “black box” with an invisible
internal structure, focusing only on the transformation from final inputs to final outputs. Real production
systems, however, often contain complex sub-processes, multi-stage structures, and intermediates
flowing among them. Network DEA was proposed precisely to open this “black box” and to analyze the
operating efficiency of each node (stage) within the system and its impact on the system as a whole. In
the technical logic of network DEA, the individual production stages are explicitly independent of one
another technologically; that is, each node constructs its own production possibility set (PPS). This
technical independence makes it feasible and legitimate to form linear combinations of the Stage 1
technology of one DMU with the Stage 2 technology of another.!

Although two-stage and generalized network DEA (covering multiple nodes, with serial and parallel
structures, and arbitrary topologies) greatly extends the applicability of conventional DEA, it has long
faced a pain point at the theoretical and algorithmic level: the non-uniqueness of the system efficiency
decomposition, and the fact that the node efficiency values obtained from the decomposition are often
not the efficiency values the nodes would attain under their own stand-alone PPS. In solving the
multiplier model of conventional network DEA, multiple optimal solutions may exist, so the algebraic
mapping between the overall system efficiency and the efficiencies of the sub-nodes is unstable. Such an
unstable decomposition obstructs further analysis of the node efficiency values of network DEA models
(e.g., TFP index analysis at the node level). To address this problem, previous studies have mostly relied
on artificially imposing secondary objectives, introducing subjective preference weights, or constructing
leader—follower game models to forcibly “lock in” the decomposition results.

The innovative two-stage network DEA model developed by the MaxDEA team fundamentally
resolves this difficulty: the system efficiency and the two stage efficiencies naturally satisfy a unique
equality relationship: The overall system efficiency equals the product of the two unique stage
efficiencies. On this basis, it is extended to “generalized network DEA” and “generalized network DEA
based on full-dimensional efficient facets (FDEF)”".

If you cite this work in academic research or papers, please refer to the following citation formats:

English format: MaxDEA Team. (2026-10-26). Innovative Two-Stage and Generalized Network DEA.
MaxDEA. https://maxdea.com/2026/202609.pdf.

Chinese format: MaxDEA [F1BA. FiAIFIHTEX N 2% DEA F1J X /X4% DEA [EB/OL]. (2026-10-26)
[YYYY-MM-DD]. https://maxdea.com/2026/202609.pdf. [YYYY-MM-DD] is the citation (access) date

i In this chapter, "Stage" is used in the two-stage network DEA, and "Node" is used in the generalized
network DEA, to represent the internal structure of the network. In addition, for the weight vectors v and u,

"weight" and "(shadow) price" are used interchangeably.


https://maxdea.com/2026/202609.pdf
https://maxdea.com/2026/202609.pdf
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Notation and Data Description

Formulas are written in matrix and vector notation. For the convenience of readers who wish to copy

the formulas, plain-text format is used in most cases.

Matrices: X, Y, and Z are the input, output, and intermediate matrices. In multiplier models the
number of rows of the matrices equals the number of sample DMUs; in envelopment models the number

of columns equals the number of sample DMUs.

X, Y,Z2>0.

Column vectors: xo, Yo, Zo denote the input, output, and intermediate vectors of the DMU under
evaluation (the subscript ¢ is used for better visual prominence). A is the vector of linear-combination

coefficients of the DMUs in the envelopment model.

Row vectors: v, u, and w are the weights of the inputs, outputs, and intermediates in multiplier

models.
v, u, w, and A are non-negative variables (> 0) by default.

Bold 1 denotes a row or column vector whose elements are all 1.

Uo € Ris a scalar variable representing the returns-to-scale constant term (the intercept) in the VRS

multiplier model.

Superscripts: " @ ® denote Stage 1, Stage 2, and node t; " ©°“ indicate whether the intermediates

act as inputs or outputs at node t.
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9.1 Two-Stage Network DEA (Constant Returns to Scale, CRS)

9.1.1 The Two-Stage Network DEA Model

Kao & Hwang (2008) and Liang, Cook, & Zhu (2008) proposed two-stage network DEA models that define
the overall system efficiency as the product of the efficiencies of the two nodes, initiating the multiplicative

efficiency decomposition framework (Multiplicative Decomposition) for two-stage network DEA models.
Efficiency of Stage 1
EM* = max (w-zo / V-Xo)
st. (wZ)/(vX)<1 (9.1)
Efficiency of Stage 2
E@* = max (u-yo / W-zo)
st (uY)/(w2)<1 (9.2)
Overall system efficiency
E* = EM x E? =max (u-yo / W-Zo) X (W-Zo / V-Xo) = max (u-yo / V-Xo)
st. (w2)/(vX)<1
(uY)/(wZ)<1 (9.3)

Applying the Charnes-Cooper transformation yields the following linear programming (LP) model (input-

oriented):
max u-yo
st.vX—-wZ20
wZ-uYz20
VXo=1 (9.4)
Dual envelopment model
min 6
s.t. XAV < %00
YA >y,
ZAM > 72
B ER (9.5)

The overall system efficiency of two-stage network DEA can be decomposed into the product of two

3
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components:
E* = (u-yo) / (v-Xo0) = (u-yo) / (W-zo) - (W-zo) / (V-Xo) = EM x E® < EM* x E@)*

By opening the “black box” of the system, the above two-stage network DEA framework successfully
captures the flow of intermediate products within the system. Within this theoretical architecture, however,

the model exhibits the following features and defects:
Feature 1: rigid synergy with equal intermediate prices (Rigid Synergy)

The multiplier model strictly requires that the weights w!°“? of the Stage 1 intermediates (as outputs)

and the weights w'™ of the Stage 2 intermediates (as inputs) be strictly equal on a one-to-one basis.
Feature 2: hybrid nature of the technology improvement path

When mapped into the dual envelopment model, the rigid synergy mechanism appears as a mixture
of radial and non-radial adjustment: the model imposes radial proportional scaling constraints (8) only on
the initial input x (or the final output y in output-oriented models), while the intermediates z are granted
complete freedom. This hybrid structure weakens the economic meaning of the model and causes the

projections to deviate from the classical technology improvement path.
Defect 1: non-uniqueness of the system efficiency decomposition

Under this framework, although the overall system efficiency is uniquely determined, the stage
efficiency values obtained from the decomposition may be not unique, because the multiplier model often

has multiple optimal solutions.
E* =EM x E@, EM and E? are not unique.
Defect 2: the decomposed stage efficiency values may deviate from their respective PPS

The stage efficiencies obtained under the rigid synergy mechanism may not the true technical

efficiencies of the stages under their own PPS.
E0 < E* E) < p)%
9.1.2 Two-Stage Network DEA Model Based on Conservation of the Virtual Value of Intermediates

To address the pain points of the above framework, the following two-stage network DEA model with

flexible synergy, which requires only that the total value of the intermediates be equal, is proposed:
E* = max (u-yo) / (v-Xo)
st. (w2)/(vX) <1
(uy)/ (w?-z)<1

wil.zg = wi?.z, (9.6)
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Applying the Charnes-Cooper transformation yields the following linear programming (LP) model (input-

oriented):

E* = max u-yo
st.vX-w"z>0

w?-Z—uY>0
wi.zg = w®-z,
vixo=1 (9.7)

Dual envelopment model
E*=min 0O
st XA < x0-0
Z-A" > zoT
Z-A? < z5T
YA >y,
6, TER (9.8)

Alternatively, applying the Charnes-Cooper transformation yields the following linear programming (LP)

model (output-oriented):

1/E* = min v-Xo
st.vX-wz>0
w?-Z-uy20
wizg = w2z,
uyo=1 (9.9)

Dual envelopment model
1/E* = max ¢
st XA < xo
Z-A" 2 zoT
ZA? < zoT
Y2 > Yord
¢, TeR (9.10)

The two-stage network DEA model based on conservation of the virtual value of intermediates has the

following properties:

1) Flexible synergy of intermediates
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It abandons the strong exogenous constraint that the price of each intermediate must be equal, and
instead requires only that all intermediates of the DMU under evaluation satisfy “equal total value” as they
flow within the system. This matches the circulation characteristic that internal settlement of intermediates
generates no externalities, and allows the intermediate weights (shadow prices) to be determined within

the system according to the classical DEA optimization principle.
wi.zg = w.z,
2) Purely classical technology improvement path

It fully adopts the classical radial proportional technology improvement path, completely preserving

the economic meaning of the classical DEA model.
Z‘Am 2 20T
Z'A(z) < 20T

3) The system efficiency decomposition is unique, and the decomposed stage efficiency values are the

technical efficiencies under each stage’s own PPS.
9.1.3 Efficiency Decomposition of the Two-Stage Network DEA Model (CRS)

In the two-stage network DEA model, the overall network efficiency obtained from model (9.6) equals
the product of the efficiency of stage 1 obtained from model (9.1) and the efficiency of stage 2 obtained

from (9.2) (the proof is given in the appendix):

E* = EM* x E(2)*

9.1.4 The Flexible Synergy Mechanism for Intermediates

In network DEA models, the shadow prices determined independently by each stage are valid only
within that stage, and they can be scaled up or down as a whole without loss of equivalence. Since the
production technologies of the two stages are independent of each other, a synergy mechanism is needed
when evaluating the overall system efficiency, in order to reflect the bridging role of the intermediates in

the network structure and the rules governing their flows.

Flexible synergy abandons the stringent constraint of rigid synergy (one-to-one equality of
intermediate prices, w" = w'?)) , and relaxes it to “equality of the total value of the intermediates between
the production side and the consumption side within the system” (w"-zo = w?:-z5). It is precisely this core
change that achieves a unique decomposition of system efficiency and keeps the decomposed stage

efficiencies consistent with the stand-alone technical efficiencies of the stages.
Analysis from the Perspective of Shadow Prices and Production Function Theory

In duality and linear programming theory, the multipliers can be directly interpreted as the internal

shadow prices or marginal valuations of the inputs, outputs, and intermediates.
6
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Rigid synergy forces w'™ = w(°“) imposing a unified cross-stage “exogenous market price” on the
intermediate products. However, Stage 1 and Stage 2 embody different production technologies, and the
marginal rates of substitution (MRS) of the intermediates differ between the two stages. Forcing the
shadow prices of the intermediates to be equal one-to-one across the two stages means fitting two
independent convex frontiers with a single linear tangent plane, which inevitably causes the fitted frontier
to deviate from the frontiers of the two stages, so that the stage efficiencies are distorted by the rigid

synergy constraint.

Flexible synergy only requires value conservation when the intermediates are transferred within the
system, which grants w" and w'? independent degrees of freedom so that each can precisely match the
normal vector of the optimal frontier of its own stage (i.e., each stage’s independent local optimal shadow
prices). As a result, the stage technical efficiencies evaluated by the network system are consistent with the

technical efficiencies evaluated independently for each stage.
Analysis from the Perspective of Weighted Virtual Input-Output Theory

The core idea of classical DEA is to aggregate multiple inputs and multiple outputs into scalar virtual
inputs and virtual outputs, and—under the constraint that the ratio of virtual output to virtual input does

not exceed 1—to give the DMU under evaluation complete freedom to seek optimal weights.

Intermediates play a dual role: they are the virtual output of Stage 1 and the virtual input of Stage 2.
Rigid synergy requires a single weight vector to match both input-output structures simultaneously, which
restricts each stage’s freedom in optimization and prevents the model from reaching the stages’ optimal
solutions. Flexible synergy removes this over-constraint and imposes only the constraint that the virtual
aggregated value of the intermediates at their producing side be equal to that at their consuming side. This
ensures that the virtual value passed from Stage 1 to Stage 2 is neither created out of nothing nor destroyed
without reason—perfectly consistent with the closed-loop characteristic that intermediate products exist
only inside the network system and generate no externalities—while retaining the complete freedom of
the DMU under evaluation to seek the optimal weights of each stage, so that each stage can still attain its

own optimal solution under the network DEA architecture.

Table 9-1 Comparison of the constraints on intermediates between rigid synergy and flexible synergy

Rigid Synergy Flexible Synergy
Rigid Flexible
Multiplier The prices of the intermediates are equal The total value of the intermediates is
model one-to-one across the two stages equal across the two stages
w = w@ w2 = w2z
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Radial scaling

Free scaling Observing the circulation logic and the

intermediate radial changes
Only the circulation logic must be

A <5 BURY2
Envelopment observed ZNT € zo TS ZeA T, Vi
model ziA? <2, < 7z:AM v, Or, expressed as
. . . z-A2 <% < 2.\ v
Each intermediate is scaled freely and i SZis LA, Vi
independently % = Zio'T

Tis the scaling scalar of the intermediates

* When there is only one intermediate in the network, the two synergy mechanisms are equivalent:

wi.zg = whzo > wi) = w2,
9.1.5 Why the Efficiency Decomposition of Two-Stage Network Models Takes the Product Form

The multiplicative structure of the two-stage system efficiency decomposition avoids excessive
substitution compensation, in which a highly efficient stage would overly compensate for an inefficient one.
“Neither stage may fall behind” is an inherent requirement of a two-stage network system. The product
form of efficiency embodies the typical property of a series system: the inefficiency of any sub-stage

(E®* < 1) drags down the overall system efficiency multiplicatively.

For example, two companies A and B produce the same product from the same raw materials. In Stage
1, company A uses 100 units of raw materials to produce 100 units of intermediate products, while company
B uses 100 units of raw materials to produce 10 units; compared with A, B’s Stage 1 efficiency is 0.1. In
Stage 2, company A uses 100 units of intermediates to produce 100 units of final products, while company
B uses 10 units of intermediates to produce 9 units; compared with A, B’s Stage 2 efficiency is 0.9. The
product form correctly reflects this series-chain effect: B’s overall efficiency is 0.09, not the 0.5 given by the

arithmetic average form.
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9.2 Two-Stage Network DEA (Variable Returns to Scale, VRS)

9.2.1 Model Definitions

1) Input-oriented model (the intercept is assigned to the output side):

Stage 1 model:

EM* = max (W2 — uo™) / (v-Xo)
st.vX—=wPZ+ueM>0 (9.11)

Stage 2 model:
E@* = max (u-yo— uo®) / (w?-z0)

st.w®-Z-uY+ue?>0 (9.12)
Two-stage network model:

E* = max (W"-zo — uo) / (V-Xo) * (uyo — uo®) / (W'?-zo) = max (u-yo — uo®) / (v-Xo)

st.vX-—wPZ+u">0
w-Z —uY +u? 20

(WM-zg — uo™) = w?-zo (9.13)

Applying the Charnes-Cooper transformation converts it into a linear program.
E* = max (u-yo — uo®)

st.vX—wPZ+uM>0
w?-Z—uY+u?20
V-Xo=1
w2 —ue!" = w24 (9.14)

Dual envelopment model:
E*=min 0O
s.t. XAV < %00
ZAM > 75T
ZA? < 70T
YA? >y,
1AM = ¢
1A =1
0, TER (9.15)

2) Output-oriented model (the intercept is assigned to the input side):

Stage 1 model:
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EM* = max (W"-zo — uo™) / (v-xo)
st.vX—=wPZ+uoM>0 (9.16)

Stage 2 model:
E®* = max (u-yo — uo®) / (W?-z0)

st.w?Z—-uY+u®20 (9.17)

Two-stage network model:

E* = max (W™"-zg) / (VX0 + Uo™) - (u-yo) / (W' 2o + uo'?) = max (u-yo) / (v-Xo + uo'™)

st.vX—wPZ+uM>0
w?-Z—uY+u?20

w.zg = w?-z0 + ug? (9.18)

Applying the Charnes-Cooper transformation converts it into a linear program.
1/E* = min (v-Xo +uo™)

st.vX—-wPZ+u">0
w?.Z—u-Y+uo® 20
uyo=1
wzg = w?-z0 + ug? (9.19)

Dual envelopment model:
1/E* = max ¢
s.t. XA < xo
ZAM > 75T
ZAY < 75T
Y2 > ¢.y0
1AM =1
1A =¢
¢, TeR (9.20)
9.2.2 Efficiency Decomposition

In the two-stage network DEA model, the overall network efficiency obtained from model (9.13)
equals the product of the efficiency of stage 1 obtained from the model (9.11) and the efficiency of stage

2 obtained from model (9.12) (The proof is similar to that of the CRS model):

E* = E* x E(2)*

10
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9.3 Generalized Network DEA Model

9.3.1 Model Definition

E* = max Z((u(t),yo(t) + W(out)(t),zo(out)(t) _ (nz(t) + I’]4(t))'uo(t)) / (V(t),xo(t) + W(in)(t),zo(in)(t) + (m(t) + r]3(t))'Uo(t))) / N
s.t. v X 4 ylinde) Z(in)(0) _ (0, y(t) _ \y (out)(t), 7(out)(t) o uo(t) >0, Vt
Z(W(in)(t).zo(in)(t) — wylout)t).7 fout)(t) . (n3(t) + n4(t))'uo(t)) =0 (9.21)
N is the number of nodes in the network
n indicates how the intercept term is assigned in the VRS model: N, + n, + ns® + n,Y =1, n € {0, 1}, vt
If node (t) has no input x!: ;! = 0
If node (t) has no output y™®: n," =0
If node (t) has no intermediate flow z™®: n;® =0
If node (t) has no intermediate flow z(°©“9®: n, = 0
In the input-oriented model, the intercept is assigned to the output side: n," + ¥ = 1, if node (t) has
output y®, n," =1
In the output-oriented model, the intercept is assigned to the input side: n,{"! + N3 = 1, if node (t) has input x®,
f]1(t) =1
CRS model: allnare0

9.3.2 Solving the Model

First solve the stand-alone node models to obtain each node’s optimal efficiency value E®*:
E®% = max (u(t).yo(t) + wlout)(t).7 (out)(t) _ (nz(t) + n4(t)).uo(t)) / (V(t).xo(t) + wlin)tt), 7 (in)t) (m(t) + n3(t))-uo“))
s.t. v X 4y lin)t) 7)) _ 1)y (t) _y, lout)t), 7(out)t) Ly (8 > (9.22)

The objective function of the generalized network model is a nonlinear program involving a sum of
fractions, and it must allow the node weights to be scaled proportionally; it cannot be linearized via the

Charnes-Cooper transformation. It can be solved by the Dinkelbach parametric approach.
Parametric model (input-oriented; 8" are the model parameters):

D* = max Z((u“’-yo“) + wlout)t).7 fout)lt) _ (nz(t) + n4(t)).uo(t)) — e(t).(v(t).xo(t) + wlin)(). 7 (in)t) | (m(t) + ns(t))'UQ(t)))
s.t. vi.XE) 4 lind(e).Zz(in)(e) _ (0, y(e) _\, lout)t), 7(out)(t) | uo(t) >0, Vt
V(t),xo(t) + W(in)(t),zo(in)(t) >1, vt

z(w(in)(t).zo(in)(t) — W(out)(t).zo(out)(t) + n4(t).uo(t)) =0 (9'23)

Parametric model (output-oriented; ¢ are the model parameters):

D* = max z(d)(t).(u(t).yo(t) + wlout)t).7 (out)lt) _ (nz(t) + n4(t)).uo(t)) — (V(t).xo(t) + wlin)tt).z (in)t) (m(t) + na(t))'uo(t)))
s.t. v X 4 ylinde),Z(in)(0) _ (0, y(t) _ \y (out)(t), Z(out)(t) o uo(t) >0, Vt
u“’-yo“’ + W(out)(t).zo(out)(t) >1, vt
z(w(in)(t).zo(in)(t) — W(out)(t),zo(out)(t) + r]3(t)'Uo(t)) =0 (9_24)
Taking the input-oriented model as an example, set the model parameters 8" for each node equal to
its efficiency E* obtained from the stand-alone node model (9.22). Solve the model; if the optimal
objective function value D* = 0, the network exhibits lossless synergy; if D* < 0 (D* must be < 0), the

network exhibits lossy synergy.
11
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Alternatively, the dual model of the parametric model can be solved:
D* = max Z(a™)
s.t. XWA® < x (0.8 — glt)) vt
Z(int (1) < Zo(in)(t).(e(t) — 't — y), Vt
YO\® > o0yt
Zlout)(t) ) (t) > Zo(out)(t).(l —-vy), vVt
VER, a">0 (9.25)
VRS model:
If node (t) has output y®: 1AW =1, vt
If node (t) has no output y*: 1AW =1 -y, vt
9.3.3 Method for Computing System Efficiency
Taking the input-oriented model as an example:

1) The model with lossless synergy (D* = 0)

The node efficiency values obtained from the stand-alone node models E®* are equal to the node
efficiency values computed by the network model:

When the model can achieve lossless synergy, the network model’s objective function can be any
monotonically increasing function of the node efficiencies f(E(l), ...,E(N)), and the stand-alone optimal
solutions of the nodes can all be combined to construct an optimal solution of the network model.
Accordingly, we define the following universal method for computing the overall system efficiency (power-

product form):
E' =TI, (E©)°Y, 1 < T0® <N

w® reflects the role of each node in the network: if w® = 1, Vt, then the system efficiency is the
product of all node efficiencies; if ™ = 1/N, then the system efficiency is the geometric mean of all node
efficiencies; if the w® values of the nodes are not identical, but Zw' = 1, then the system efficiency is the
weighted geometric mean of all node efficiencies.

The product form can be applied to purely series structures, where the inefficiency of any sub-stage
(E(t)* < 1) drags down the overall system efficiency multiplicatively; the geometric mean form can be
applied to purely parallel structures. For network structures containing complex series and parallel

combinations, the following is a simple example of determining the node weights:

2 3
1
4 5 e

12
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(1) First assign the initial weight 1 to the nodes according to the series relations:

w®= 1, w@) = 1, wB® = 1, w® = 1, w® = 1, w'® = 1, w?=1.

(2) Branch 1 (nodes 2 and 3) and Branch 2 (nodes 4, 5, 6) are in parallel; take the geometric mean of
the two branches (the weights of the nodes inside each branch are divided by 2 on the original basis):

w"=1, w?=0.5,w* =05 w*=05 w"=05,w® =05, w"=1.

Y w® = 4.5, which lies between the geometric mean (¥ w® = 1) and the product (¥ w® = 7).

The above weights are derived only from the structural features of the network. In empirical studies,
the final weights can also be determined by taking into account the importance of each node to the
system.

2) The model with lossy synergy (D* < 0)
D* < 0 indicates lossy synergy in the network, and the node efficiency values are not unique:
EfY)- = (u(t)*,yo(t) + wlouththk,7 (out)t) _ uo(t)=|<) / (V(t)*,xo(t) + W(in)(t)*,zo(in)(t)) < E(t)*’
If the dual model (9.25) is solved, then E®0- = EW* —q®* < O

The system efficiency under lossy synergy is
E-=IIL(EODY, 1< Ro® <N

The node efficiency values obtained under lossy synergy may be not unique.

3) For lossy synergy, the solutions are as follows

One solution is to jointly apply the weight ratio constraint model (also known as cone-ratio DEA,
constrained cone DEA, assurance region DEA) to prevent the weights of one or more intermediates from
being 0; with properly specified weight ratio constraints, lossless synergy can be achieved.

Another approach is the generalized network DEA based on full-dimensional efficient facets (FDEF)
introduced later. In this model all weights are strictly greater than 0, and lossless synergy can be achieved
by merely satisfying one simple condition (sufficient but not necessary): the network contains a node that
only produces intermediates without consuming any (with z°“» and without z™ ), and there is also a node
that does not produce intermediates and only consumes them (with z'™ and without z!°*? ). The two-stage

network model satisfies this condition.

9.3.4 Compatibility with the Preceding Two-Stage Model

The two-stage network model is a special case of the generalized network model with a two-stage
structure, and it satisfies the sufficient condition for lossless synergy; when the product form is used to
compute the overall system efficiency, although the optimal solutions of the two models (the weights v, u,

w) may differ, the resulting node efficiencies and system efficiency are the same.

13
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9.4 Generalized Network DEA Based on Full-Dimensional Efficient

Facets (FDEF)

A widely cited defect of classical DEA models is that efficiency measurement does not account for the
input and output slacks that often appear in the models. For this reason, various non-radial models that
measure efficiency directly based on slacks have been proposed. The input and output slack issue in the
model is not a defect of classical DEA itself; rather, it arises because the data sample itself fails to establish
a strongly efficient frontier covering the projection region of all samples, so the radial projection point falls
on a weakly efficient frontier parallel to at least one coordinate axis. As shown in the figure below, the
projection of DMU A is A, which lies on the weakly efficient frontier parallel to the vertical axis, and the
slack of input x; is AsB. The projection points of the various non-radial models lie on the strongly efficient
frontier segment BC. Although non-radial models solve the problem that classical efficiency measurement
ignores slacks, they introduce new problems: first, they weaken the economic meaning of the classical dual
multiplier model; second, the projection points are often illogical—for example, the additive and SBM
models determine the projection point by finding the “farthest distance”, which is the least favorable to the
DMU under evaluation. Taking the situation shown in the figure below as an example, in the additive and
SBM models the projection point is C, which is farther from A, rather than the nearer B.

The slacks appearing in the classical envelopment model correspond to zero weights in the multiplier
model. Another approach to addressing the slack problem in the classical model is the full-dimensional
efficient facet (FDEF). In the example figure, segment BC of the frontier is an FDEF, and the radial projection
based on the affine hull of BC (a straight line in two-dimensional coordinates, a hyperplane in

multidimensional space) is A,, a much more reasonable projection point compared to C.

Figure 9-1 lllustration of projections (a CRS model with two inputs and one output)

This section presents a generalized network DEA model based on the affine hull of FDEFs, which

eliminates the slack problems present in the classical model, including input and output slacks as well as

14
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slacks of the intermediates. The elimination of intermediate slacks guarantees that the projected value of
the intermediates as Stage 1 outputs exactly equals the projected value of the intermediates as Stage 2

inputs.

9.4.1 Introduction to Full-Dimensional Efficient Facets (FDEF)

In the convex-envelopment geometric theory of data envelopment analysis (DEA), full-dimensional
efficient facets (Full-Dimensional Efficient Facets, FDEF) are one of the core concepts characterizing the
frontier structure of the production possibility set (PPS).

1. Definition of Full-Dimensional Efficient Facets (FDEF)

In the DEA model containing m inputs and s outputs, the production possibility set PPS ¢ R™*S
is a polyhedron. If an efficient facet formed where an efficient hyperplane on the boundary of this
polyhedron intersects it has a geometric dimension exactly equalto m + s — 1 (i.e., the highest possible
degrees of freedom of the space), then the facet is called a full-dimensional efficient facet (FDEF) (Olesen
& Petersen, 1996, 2003). From the multiplier (dual) perspective, all input multipliers v and output
multipliers u corresponding to the normal vector of the hyperplane supporting the FDEF are strictly
greater than zero (i.e., v > 0,u > 0).

2. Advantages of the DEA model based on the FDEF affine hull

DEA models constructed with FDEF-based constraints or identification have the following notable
advantages:

Complete elimination of the zero-weight problem: conventional DEA models often exhibit the “zero

weight” phenomenon due to multiplier degeneracy (i.e., some inputs or outputs are assigned zero weight),

whereas FDEF ensures that all indicators play a role in the marginal evaluation.

Sound economic interpretation (marginal rates of substitution): since the normal vector of an FDEF
is entirely positive, the marginal rates of substitution (MRS) derived from it are all finite, non-zero, and
determinate, avoiding the economic breakdown on lower-dimensional efficient facets (LDEF), where MRS

values are 0 or infinite.

Improved projection and target setting: projecting an inefficient decision-making unit (DMU) onto an

FDEF hyperplane ensures that the improvement targets are strongly efficient, and free of slacks.

3. Methods for identifying all FDEFs in the sample of a DEA model

Methods for solving and identifying all FDEFs on the frontier of a polyhedron currently fall into two
main categories:

Computational geometry algorithms based on the convex hull: using vertex enumeration and facet-
generation algorithms from computational geometry, a convex hull is constructed over the set of DMU
vertices, and the hyperplanes of dimension m + s —1 whose normal vectors are greater than O are

extracted (Olesen & Petersen, 2003).

Iterative search methods based on mixed-integer programming (MIP): using duality theory, MIP is used
to search for all hyperplanes with weights strictly greater than zero (Olesen & Petersen, 2003; Jahanshahloo,

Lotfi, Rezai, & Balf, 2007; Jahanshahloo, Shirzadi, & Mirdehghan, 2009; Olyaie, Roshdi, Jahanshahloo, &
15
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Asgharian, 2014).

4. Absence of FDEFs in the sample and severe frontier degeneracy

If a data set yields no FDEF at all when solved, this geometrically means that the envelopment frontier
of the sample consists entirely of lower-dimensional efficient facets (LDEF). This carries a clear warning for
both theory and application: it indicates severe frontier degeneracy, severely ill-conditioned data, or the
curse of dimensionality (i.e., the sample size is severely insufficient relative to the dimensionality of the
input-output indicators), causing the production frontier to “fold” or “collapse” into a lower-dimensional

subspace in the high-dimensional space (Olesen & Petersen, 1996).

An effective remedy is to introduce a sufficient number of benchmark DMUs as the reference set of

the model.

The existence of an FDEF in the sample does not mean that a satisfactory evaluation model can be
built. If the model has only one or very few FDEFs, the DMU under evaluation may be projected onto a
region far from the FDEF (lying on the supporting hyperplane of the FDEF but far away from the FDEF itself),
yielding unrealistic target values. How to judge whether the FDEFs in a sample are sufficient is a question
that still needs to be explored in both theory and practice. A practical way to judge the sufficiency of FDEFs

is to check whether the projected values (targets) exceed a reasonable range.
9.4.2 Generalized Network DEA Model Based on the Affine Hull of FDEFs

A DEA model with an FDEF-extended frontier (Affine Hull of FDEFs) restricts the weights of the model
to come from the set of FDEF hyperplanes. The generalized network DEA model with an FDEF-extended
frontier is expressed as:

E* = max z((u(t).yo(t) + W(out)(t).zo(out)(t) _ (nz(t) + n4(t)).uo(t)) / (V(t).xo(t) + W(in)(t).zo(in)(t) + (m(t) + n3(t))-uo“))) /N

s.t. Z(W(in)(t),zo(in)(t) - W(out)(t).zo(out)(t) + (n3(t) + n4(t))'uo(t)) =0

(V(t), U(t), W(in)(t)’ W(out)(t)' uo(t)) € F® (9.26)

F' denotes the set of FDEF hyperplanes of stage t.

In the generalized network DEA model based on the affine hull of FDEFs, since all weights are strictly
greater than 0, simply satisfying the following simple condition (sufficient but not necessary) achieves
lossless synergy and unique decomposition of system efficiency: the network contains a node that only
produces intermediates without consuming any (with z©°“ and without z™ ), and there is also a node that

does not produce intermediates and only consumes them (with z™ and without z!°*?").
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9.5 Software Demonstration of Network DEA

9.5.1 Defining the Data

Step 1: Create a Model Open a Model Step 2: Import Data Define Data Step 3: @e M@

Data Model Progress

Edit Data  Define Data

Save Note: Define undesirable outputs (if any) as "Output” on this screen, and then go to "Advanced Model” to locate the Undesira
Name Type
Period Period
oMU DMU Name
Inputl Input
Input2 Input
Outputl Qutput
Outputd Qutput
Inter1 Intermediate
Inter2 Intermediate v
CarryOver1 Period {Used for panel pata}
CarryOver2 DMU Name  {*Name for each DMU}

Cluster {Group variable, for Cluster model and MetaFrontier medel}
Input  {*Inputs}

Output  {*Outputs}

Intermediate  {Intermediates between nodes, for Network model}
Carry-Over | ers between periods, for Carry-Over model}
Mot Defined  { r other purposes}

9.5.2 Setting the General Options of the DEA Model

The production function type (classical frontier production function or FDEF affine-hull frontier
production function), the Orientation, and the RTS.

Step 1: Create a Model Open a Model Step 2: Import Data Define Data Step 3: @e MOD

Data Model Progress

() Envelopment Model (XA < Xo, YA 2 o) © Multiplier Model (Frontier Production Function: \IXD () FDH Model
Frontier Production Function_ ) Orientation RTS Advanced Models Panel Data Models Options

O Classicwx-uy + uw=0(wz0;uz0)

() FDEF:wx-uy +us =0(v=0;u = 0)

9.5.3 Setting Other Model Options

Select Two-Stage Network DEA or Generalized Network DEA.

Network DEA can be combined with all panel data models, including: Malmquist TFP index, HMB TFP
index, window DEA, and Carry-Over DEA.
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() Envelopment Model (XA < X5, YA = yo) © Multiplier Model (Frontier Production Function: vx - @ (C) FDH Model
Frontier Production Function  Orientation RTS L_Advanced Models _‘Panel Data Models Options

Customized Benchmarking (Generalized DEA) [] Super-Efficiency (Andersen, et al 1993) ?
[[] Benchmarking by Cluster ?
[[] Undesirable Outputs / Desirable Inputs Define | | 2
© 3a) Self-benchmarking
? [[] Nondiscretionary Inputs/Outputs Define
b) Cross-benchmarking .
[[] Cross Efficiency (Sexton, et al 1985) ?

) Downward-benchmarking
~ Secend Stage Method

d) Upward-benchmarking

[[] Game Cross Efficiency (Liang, et al 2008; \Wu,et al 2009) 5
e) Lower-adjacent-benchmarking
“ Game Options
f) Upper-adjacent-benchmarking
) ) [] Restricted Multiplier (Cone Ratio, Assurance Region) Define ?

g) Window-benchmarking

Width . ] MetaFrontier (Rao, et al 2003) 2

Offset T [ Nen-concave MetaFrontier (Tiedemann, et al 2011)
h) Fixed-benchmarking [] Two-Stage Network DEA (a special case of Generalized Network DEA: Inputs --> Interme:

Ref. Cluster -1

[] Generalized Netwark DEA Define h

9.5.4 Defining the Network Structure

If “Generalized Network DEA” is selected, the network structure also needs to be defined. For each
node of the generalized network model, the initial default weight w® = 1, i.e., the system efficiency is
the product of the node efficiencies; if the system efficiency is required to be the geometric mean of the
node efficiencies, set the sum of the node weights equal to 1, i.e., Zw' = 1.

MX Define Network

1: Defne nodes 2: Define "the Owner" for each input/output 3: Define "TWO Owners" for each intermediate
Name Type Which Node's Name Which Node's Output Which Node's Input
Delete Input1 Input Node 1 Inter1 Mode 1 Mode 2
Node Name Weight: w' Input2 Input Nede 1 Inter2 Mode 1 Mode 2
Node 1 1 Outputl Output Node 2
Node 2 1 Output2 Output Node 2 ~
Node 1
Node 2

9.5.5 Results

The results include the overall system efficiency values, the weights of the inputs, outputs, and
intermediates, the projected values (targets) of the inputs, outputs, and intermediates, the node efficiency
values, and the benchmarks of the nodes and their coefficients (Lambda), etc.; the VRS models also include
the returns-to-scale constant term (uo¥), and the generalized network model also includes D* (used to
determine whether the node efficiency values given by the network model are unique).
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Appendix: Proof of the Multiplicative Decomposition of Efficiency in
the CRS Two-Stage Network DEA

In the two-stage network DEA model, the overall network efficiency equals the product of the optimal

stage efficiencies obtained from the Stage 1 and Stage 2 models:
E* = % x E(2)*

1. Proof of e* < eW* x e®@)*

Let (v, w®,w®" ") be an arbitrary feasible solution of the overall system model.

Using the intermediate constraint w(l)’zo = W(Z)’ZO of the network model, the objective function
value corresponding to this feasible solution can be decomposed as:

wy, w®W'z  u'y

Vo Vxy w®@iz

By the definition of feasible solutions:
i1y,
J

1. The vector pair (v',w®’) satisfies —— < 1 (V}), and therefore (v',w®’) isa

J
feasible solution of the Stage 1 model. By the definition of the maximum of e (D

@)
wzg < o

v'xg
2. The vector pair (W(Z)’,u’) satisfies wlé;—?’]z] < 1(Vj), and therefore (w(z)’,u’) isa

feasible solution of the Stage 2 model. By the definition of the maximum of e @
i
UYo < e(z)*
w@rz, ~

Substituting the above two inequalities into the product decomposition yields:

Lo £ p)r x o@

v'xg
Since the above inequality holds for any feasible solution in the feasible region of the network

model, it also holds for the maximum over the feasible region (i.e., the optimal solution):
e* S e(l)* X e(Z)*

2. Proof of e* > e(V* x @)
Let (v*, W(l)*) be an optimal solution of the Stage 1 model, satisfying:
(D~
wiz
s =2 70
v*Xg
Let (w(z)*, u*) be an optimal solution of the Stage 2 model, satisfying:
2)* _ u*Y()
e =

w@xz,
Construct a positive scalar scaling factor:
wDrz,
ax=—c—> 0
w2z,

Using the homogeneity of the Stage 2 fractional program (i.e., scaling the numerator and
denominator weights proportionally does not change the constraints or the ratio), the Stage 2 optimal
solution is linearly scaled to construct new weight vectors:

w® = qw®@* g =qu
Verify the feasibility of the combined solution (v*, W(l)*, W(Z), ﬂ) in the network model:

Wy,
1.  The Stage 1 constraint: Wv*xzj < 1 (V¥j) is clearly satisfied.
j
2. The Stage 2 constraint: for any j, we have:
wy; au’y; u'y;

T - <
W@z aw®@rz  w@rz

so the constraints are satisfied.
3. The intermediate flow equality constraint:
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@ @ w2\ &
W@z = (aw@*)z, = (w(z)*z(J) (W@ zy) = wWz
The coupling constraint W(l)ZO = W(Z)ZO is perfectly satisfied.

Therefore, (v*,w®*,Ww®,i1) is a valid feasible solution of the network model.
Compute the objective function value of this feasible solution in the network model:

~ * * (1)*
i au u wi 'z
Yo _ Yo _ Yo 0 _ @ 5 oD+

v'x,  v'x, w@z, v'x
Since e”* is the global maximum of the network model, and the above combined solution is merely
one particular solution in its feasible region, it must hold that:
e* > e(1)* % e(z)*
3. Conclusion
Combining the inequalities of the upper and lower bounds:
e* <eW* xe@*and e* = eW* x @~
By the antisymmetry of the order relation on real numbers, it necessarily follows that:
et = e(1)* x e(z)*
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